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Abstract. The conformal infinity of a quatcrnionic-Kahler metric on a 47i-nianifold with 
boundary is a codimension 3-distribution on the boundary called quaternionic contact. In 
dimensions An — 1 greater than 7, a quaternionic contact structure is always the conformal 
infinity of a quaternionic-Kahler metric. On the contrary, in dimension 7, we prove a 
criterion for quaternionic contact structures to be the conformal infinity of a quaternionic- 
Kahler metric. This allows us to find the quaternionic-contact structures on the 7-sphere 
close to the conformal infinity of the quaternionic hyperbolic metric and which are the 
boundaries of complete quaternionic-Kahler metrics on the 8-ball. Finally, we construct a 
25-parameter family of S'p(l)-invariant complete quaternionic-Kahler metrics on the 8-ball 
together with the 25-parameter family of their boundaries. 

1. Introduction 

In this paper we solve a boundary problem for quaternionic-Kahler metrics. This problem 
is a degenerate version of a problem initially posed for Einstein metrics. If (7 is a metric 
on a manifold M with boundary N, and [b] is a conformal class of metrics on N, [b] is the 
conformal infinity of g if there exists a function p positive in M and vanishing to first order 
on N such that p^g extends continuously on with p'^glrs^ G [b]. The standard example is 
the hyperbolic metric ghyp on the ball i?""*"^ given by 

A 

ghyp = ' 

where euc is the Euclidean metric on M"+^ and p{x) = 1 — \x\'^ . The conformal infinity of 
ghyp is the conformal class of the round metric on 

The problem of finding complete Einstein metrics with prescribed conformal infinity on 
the ball was solved by Graham and Lee in |Gra91j . In dimension 4, one can search for 
selfdual Einstein metrics. LeBrun |LeB82j shows using twistor theoretic arguments that a 
conformal metric on a 3-manifold A^ is the conformal infinity of a selfdual Einstein metric 
defined near A^. However, a conformal metric on the sphere S'^ is not always the conformal 
infinity of a complete selfdual Einstein metric on the ball S^, see |Biq02| . 

In the same way, the degenerate version is modeled on the quaternionic hyperbolic metric. 
Let EI be the skew field of quaternions and H" the n-dimensional H-vector space. The action 
of the standard basis {i,j,k) of imaginary quaternions gives endomorphisms {Ii, 12,13) of 
H"' ~ R'^". Each Jj is an almost complex structure on H" and one has the commutations 
rules I1I2 = —hh = h- A such triple of endomorphisms on a real vector space V is called 
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a quaternionic structure on V. The quaternionic hyperbolic metric on the ball C is 
given by 

Pll C 1 

9n = — + -r-2^{dpf + {hdpf + {hdpf + {hdp?) , 

where p = 1 — |xp and ewe is the Euclidean metric. In this case, the function p is positive 
in i?^", vanishes to first order on S"^*^"^, and [p^gnWs^^-A ^ conformal class of degenerate 
metrics on S^"~^ with kernel 

= niiJ,tip|TS4n-l . 

The distribution if'^"" is a so called quaternionic contact structure ( |BiqOO| and |Mont021 p. 
115]) whose definition in dimension 7 is: 

Definition 1.1. Let H be an oriented distribution of codimension 3 on a 7-dimensional 
manifold N and let X be the set of one forms vanishing on H. The distribution H is called 
a quaternionic contact structure if 

KlHl = {dr^\H^ , G J} 

is a rank three subbundle of A^H* such that the restriction to K\H* of the exterior product 

gives a positive definite metric on A^if*. 

If if is a quaternionic contact structure in dimension 7, a classical fact in 4-dimensional 
linear algebra gives the existence of a unique conformal class [g] of metrics on H such that 
A'^H* coincides with the space of selfdual 2-forms with respect to [g]. Moreover, taking a 
local oriented orthonormal basis {:^Wi = -^drjilH) of A^H* with respect to a particular 
choice of metric g in this conformal class, one gets a quaternionic structure (/«)«=!, 2,3 on H 
satisfying Wi{-, ■) = g{Ii-, ■) and defined up to a rotation by an element of S0{3). 

This description shows the link with the following definition given by Biquard in |BiqOO| : 
a quaternionic contact structure is a distribution H of codimension 3 on a manifold iV^"'"'"^, 
locally given by three 1-forms {rii,ri2,T]3) such that there exists a metric g on H and a 
quaternionic structure (Jj) on H satisfying the conditions drjiln = g{Ii-,-). The conformal 
class [g] is uniquely determined by H. 

Our definition enlights the fact that in dimension 7, quaternionic contact distributions 
form an open set in the set of codimension 3 distributions. This fact is no more true in 
higher dimensions. 

Let us now come back to quaternionic-Kahler geometry. First, using the previous nota- 
tions, we give the following definition: 

Definition 1.2. A metric g on a manifold M with boundary is asymptotically quater- 
nionic hyperbolic (AQH) if one has a quaternionic contact structure H on N with compatible 
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metric gn on H and a function p, positive in M vanishing to first order on sucli tliat on 
a neighbourhood ]0, a] x of A^, the behaviour of g near N is given by 

g ~ ^(c?p^ + V1+V2+ vl) + -9h when p -> 0. 
P P 

The quaternionic contact structure H is called the conformal infinity of g. If g is also 

quaternionic-Kahler, one says that g is asymptotically hyperbolic quaternionic-Kahler (AHQK) 

Biquard |BiqOO| has shown that any quaternionic contact structure of dimension 4n + 3 > 
11 is at least locally the conformal infinity of a unique AHQK metric. Moreover, he showed 
in |Biq02| that a quaternionic contact structure on §'^"+3 with 4n + 3 > 11 and close to the 
canonical one is the conformal infinity of a AHQK complete metric on the ball ij4n+4 rpj^^ 
question remains open in dimension 7. 

In this paper, we answer this last question. We show that the conformal infinity of an 
AHQK 8-manifold must satisfy an additionnal integrability property which is empty in higher 
dimensions. Conversely, we prove that an integrable quaternionic contact 7-manifold is the 
conformal infinity of a unique AHQK manifold. 

Definition 1.3. Let if be a quaternionic contact structure on a manifold A^ of dimension 7 
and choose a compatible metric g. The quaternionic contact structure H is called integrable if 
there exists a local oriented orthonormal basis {drii\H) of A^H* and vector fields R2, R3) 
satisfying 

• iRidrjjln = -iR,dr]i\H- 
This property does not depend on the choice of metric g inside the conformal class. 

We can now give the statements of the main results. 

Theorem 1.1. Let H be a real analytic quaternionic contact structure on a manifold N'^ . 
Then H is the conformal infinity of an AHQK metric g defined on a neighbourhood of N and 
admitting a real analytic extension on the boundary with pole of order 2 iff H is integrable. 
Moreover, the germ of g along N is uniquely determined by H . 

Using |Biq02| and this theorem, we can fill in the 8-ball by globally defined complete 
AHQK metrics whose boundaries are close to the canonical quaternionic contact structure 

jjcan . 

Corollary 1.1. Let H be an integrable quaternionic contact structure on close to the 
canonical distribution H'^"'" . Then H is the conformal infinity of a complete AHQK metric 
on the ball . 

Among the integrable quaternionic contact structures on we show the existence of 
an interesting family of S'p(l)-invariant integrable quaternionic contact structures on the 
7-sphere: 
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Theorem 1.2. Let H'^"'"' be the canonical quaternionic contact structure 0/ S''. Let Ti be 
the set of integrable Sp{l) -invariant quaternionic contact structures and Q be the group of 
difjeomorphisms of commuting with the Sp{l)-action. There is a neighbourhood V of 
^ffcan-^ i^-f-lig yjfiich is homcomorphic to the quotient of a 35- dimensional ball B^^ by the 
isotropy group Sp{2) of H'^"-"'. One obtains a 25 -parameter family of integrable quaternionic 
contact structures. 

Then, we can construct a family of S'j9(l)-invariant complete quaternionic-Kahler metrics 
on the 8-ball : 

Corollary 1.2. Let g-^ be the quaternionic hyperbolic metric on the 8-ball. There exists a 
25 -parameter family of Sp{l) -invariant AHQK metrics with boundaries close to the boundary 
i/-" ofgn. 

This examples generalize a 3-parameter family constructed by Galicki in |Gal91j . These 
metrics are obtained by quaternionic quotient of the hyperbolic quaternionic space WU? and 
all have isometry group strictly greater than 5*^(1). 

The paper is organized as follows. In section 2, we construct a connection associated to 
each compatible metric. A part T'^ of its torsion gives a conformal invariant named vertical 
torsion. The vanishing of is equivalent to the integrability of H. 

In the third section, we study the boundaries of AHQK manifolds and we show that 
they are integrable. This gives the motivation to study more carefully the torsion and the 
curvature of this case. In particular, the curvature on H looks like that of anti-selfdual 
Riemannian 4-manifolds except for an additional term coming from the Bianchi identity. 
The computation is done in section 4. 

Still assuming the integrability condition, we construct an integrable CR-manifold, the 
twistor space of the quaternionic contact structure. This is done in section 5 and gives the 
converse statement to the third section, namely that a quaternionic contact structure with 
vanishing vertical torsion is the boundary of a unique AQH manifold of dimension 8. 

Section 6 is devoted to the study of deformations of W^"""^. Then, we describe in detail the 
case of S']9(l)-invariant deformations of the 7-sphere and show the existence of a 25-parameter 
family of integrable S'p(l)-invariant deformations of if™"-. 

Acknowledgments: This paper is a part of the author's doctoral thesis; in this connec- 
tion thanks are due to O. Biquard for his extremely helpful comments. 

2. Construction of the connection 

In the following, one has a smooth manifold of dimension 7, a quaternionic contact 
structure H on N and g a fixed compatible metric g on H. We fixe local contact forms 
{Vi:V2,V3) a local quaternionic structure (/,) on H such that drii{-, •) = g{Ii-, •) on H. 

In the first three parts of this section, we construct an adapted connection associated to 
g. This connection will be used in the twistorial construction of section 5. To look at the 
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conformal invariance of this twistorial construction, wc will need to know how a conformal 
change of metric changes the connection. This is done in part 5 of this section. 

2.1. Partial connection. If is a manifold, E a vector bundle and D a distribution on 
N, a D-connection on £■ is a differential operator 

V :r{E) ^T{D* (g)E) , 

satisfying the Leibniz rule V(/ s) = (c(/)|d ® s + /Vs for every function / and section s of 
E. 

Lemma 2.1. Assume that W is a distribution on N giving a splitting TN = H (B W . There 
exists a unique H -connection V on H preserving the metric g and such that the torsion 
satisfies 

yX,YeH, {Tx,y)h = 0, 
where the subscript H indicates the projection on H in the direction ofW. 

Proof. If V is such a connection, we must have for every sections X, Y and Z ol H the 
Koszul formula 

2g{VxY,Z) = X.g{Y,Z)+Y.g{Z,X)-Z.g{X,Y) 

+g{[X, Y]h, Z) - g{[X, Z]h, Y) - g{[Y, Z]h, X) . 

It gives both uniqueness and existence. □ 

Otherwise stated, the vector fields X, Y , Z arc sections of H, and given a complementary 
VF, a vector field i? is a section of VF, and i?2, -R3) is the dual basis of {r]i\w-i V2\w-i ^Ivk)- 
We equip W with the metric Yli^f- 

Remark 1. If is a complement to H, the torsion of the i7-connection associated to W on 
H satisfies 

3 

Tx,Y = -[^, Y]w = ^)^^ ■ 

i=l 

2.2. Extension of the connection. 

Lemma 2.2. Let W be a complement of H in TN. One can find a unique connection 
on N such that : 

(i) preserves the splitting TN = H Q)W and the metrics on H and W , 

(ii) ifX,YeH and R, R' e W, then {Tx,y)h = and {Tr^r')w = 0, 

(iii) the torsion T satisfies 

(1) VX e , Tf := (i? ^ {Tx,r)w) e so{W)^ , 

(2) \iReW ,Ti:^{X^ (Tr^x)h) e 5o(H)^ , 
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Proof. Let V be the partial connection on H defined by lemma 12.11 We extend it to a true 
connection which preserves the metric on H, still denoted by V. If a G r(iy* ®5o(iJ)), the 
connection V' = V + a is metric and its torsion T' satisfies 

Tkx = V'«X - [R, X]h = Tn,x + an{X) , 

so that there exists a unique an which annihilates the so(i7)-part of Tr^.. The covariant 
derivatives in the direction of W are defined in the same way. □ 

We put aij{X) = drjj{Ri, X). One has 

3 

(i?,) = v^(i?.) - [X, R.-;\w = vji?. - (^rAx)R, , 

i=i 

from which we obtain 

1 ^ 

and 

1 ^ 

(3) T^{R,) = -- Y,{a,.iX) + a.,{X))R, . 

i=i 

2.3. Reducing torsion. We search now a particular choice of W giving the simplest torsion. 
To fix the notations, we recall some basic facts about representations of 5*0(4). 

The universal covering of 5*0(4) is 5pm(4) = Sp{l) x 5p(l) where 5p(l) is the group 
of unitary quaternions. Let 5*+ and 5*_ be the representations of the first and the second 
factor respectively on EI ~ C^. The irreducible representations of Spin{4) are the ® 5" 
where S!^ and 5*!^ are the symmetric power of order m and n of 5*+ and 5*_ respectively. The 
following Clebsch-Gordan formula gives the irreducible decomposition of tensorial products : 

Sl^Slc^ 5:+^ © Sl^P-' (B---®Sl-\ p<n. 

The real irreducible representations of 5*0(4) are the real parts of 5*" 5*!" with n + m 
even. We will denote them by 5*"'"*. In particular, we have 

We now give the exphcit isomorphism Sym^{A\) ~ 5^'^ © 5*^-^ © 5*^'^ Let (Ji, h) 
be a quaternionic structure on given a 5*0 (3)-trivialization of A^. Then 

5-5,1 ^ ^Y^_ © Jj © Ij , = aji e R'^ and Vj , = 0} > 

51,1 ^ {J2ir © © /, , r G R^} , 

S'''' - {J:^A^^rJ + Ifi) ®h® Ij , r, e MS I^r■^ = 0} . 
In our case we have the natural identification 

M/~A^i/% R,^dr],\H 
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SO that becomes a section of H* ® End{A'^H*) . We put Wi = drjiln and w* the dual 
basis. 

Remark 2. The metric g allows us to identify H* and H and we use it throughout the 
text. In particular A^H* can be considered as a subspace of the space of 2- forms or that of 
skew-symmetric endomorphisms. 

Proposition 2.1. For each choice of compatible metric g on H , there is a unique complement 
ofH such that T^' e T{S^'^). 

Proof. Let W be transverse to H and i?25 -R3) be the dual basis of {rii,ri2, r/3) on W. We 
have obtained in Q 

1 ^ 

= -- ^(ftii + aji) (g) w* (g) Wj , 
i=i 

If ly' is another complementary to H spanned by the vectors R[ = Ri + Vi with rj G -ff, 
then a[j = iRi.drij\H = Oij + {Ij^if (b and jj are the usual musical isomorphisms). With the 
explicit decomposition oi H* ® Sym? {K\H) we wrote down, the existence and the uniqueness 
of W follow easily. □ 

Remark 3. Another choice of complementary does not change the S^'^ part of the torsion. 

2.4. Derivation of the quaternionic structure. We fix = and note V the corre- 
sponding connection. This connection is metric and so preserves the bundle A^H* : 

3 

V/jIh = ^7ij (g)/i. 

i=l 

Here we just look at the derivation in the direction of H, i.e. 'jij G H*. 

Let X,Y, Z & r(if ), and a be skew-symmetrisation in X F and Z. One has the identity 

(4) d{d7],){X, Y, Z) = a{Vdr],){X, Y, Z) + dr],{Tx,Y, Z) + cir/,(T^,x, Y) + d7^,{TY,z, X) , 

which can be rewritten in the following form : 

J2{gil!, + 4, X)/, + hX A (7«, + 4)) = . 

i 

Projecting on A^H and A^H gives the equivalent condition 

3 

VjG {1,2,3}, J]K +7.,)o/, = 0. 
1=1 

But our particular choice of complementary vector bundle ensures that ^^(ajj o Jj = 0, 
hence we get 
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2.5. Conformal change. Let rj = pr] be such a conformal change, and {Ri, R2, R3) be 
the dual basis of (r/i, 772, ^73) on W^. We put {R[, R2, -R3) the dual basis of {prji, P'r]2, pTj^) 
on W^^3. 

Proposition 2.2. The conformal change of metric corresponds to the following change of 
basis of associated complementaries : 

R', = f-'{R, + r,), 

where r\ = 2f^^df\i{ o Jj (the musical isomorphisms jj and b are taken with respect to g on 
H, after restriction if necessary for 1-forms). Moreover, we get 

iR'dijU + iRrdv'ilH = inAVjU + iR,drii\H ■ 

Proof We put a[j = iR^ijU- We have t][{R'^) = f'^r]i{R!.) = bij so that Rl^ = f-^{Ri + ri) 
with ri & H and finally 

(5) a'i^ + a'ji = aij + a^i - {r\ o + r) o k) - 46ijf-'df\H • 

The conformal change left S^'^, S^'^ and S^'^ globally invariant and {r^ o Ij + o Jj) + 
4:6ijf~^df\H G S^'^ © S^'^ therefore the conditions a'i^ + a'ji G S^'^ and aij + aji G S^'^ imply 
(r^- o Ij + r^. o Jj) + 4:6ijf~^df\H = and the lemma follows. □ 

Corollary 2.1. The torsion T^^ associated to the Carnot-Caratheodory metric is confor- 
mally invariant. We call it the vertical torsion and denote it by T'^" or T^ . 

Proof. If we change the metric in the conformal class, the 2-forms Wi are multiplied by the 
conformal factor and elements of the dual basis are multiplied by its inverse. So the only 
thing we must look at is the invariance of {aij + oiji)i,j which follows from 12.21 

□ 

Let us summarize the results we have obtained in the following proposition. 

Proposition 2.3. Let {N, H) be a quaternionic contact structure. The integrability of H 
does not depend on the choice of an adapted metric on H . Moreover, if g is particular a 
choice of compatible metric on H , the following conditions are equivalent : 

• The distribution H is integrable. 

• The torsion T^^ vanishes. 

• For any choice of complementary distribution W , the S^'^ part of the torsion vanishes. 

• For any choice of oriented orthonormal basis {:^drii\H) of and any choice of 
vector fields {Ri, R2, R3) such that 

rij{Ri) = Sij , 

the S^'^ part of {i^^drijlu + iRjdrji\H)i,j vanishes. 
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In the study of the twistor space, we will need to know how the connection is changed 
when the metric is multiplied by a conformal factor. We put 9 = f^^df. Recall that we 
write 9"^ for {9\h)^ and that the change of complementary distribution is parametrized by 
i?- = f~'^{Ri — 2Ii9'^). The following lemma will be useful in the twistorial construction. 

Lemma 2.3. Following the notations of 2.2, the new connection V is given by 

V'x = Vx + 9{X) + 9iAX + j:j,9iAhX + j:^{h9KX)h 

V^, = V,,, + 9{R,) + 2|^f /, + 29^ A 1,9^ - \ + 4) A Ij9^ + 2(/,V^«)-(^) 

Proof. We put V — V -\- 9 -\- a and = V + ^. The connection preserves f'^g and its 
torsion is 

Tkv = E^dv^{X,Y)R, + 9{X)Y-9{Y)X 

= Ty-Y.^d7^,{X,Y,)r, + 9{X)Y-9{Y)X 

so that axY - ayX = drii{X, Y)ri - 9{X)Y + 9{Y)X. The connections V and both 
preserve f'^g hence a is a 1-form with values in so{H). The skew-symmetrisation in the two 
first variables gives an isomorphism H* (8) so{H) — > A^if* (g) H, with inverse b 

{bic)xY, Z) = i ((c(X, Y),Z) + {ciZ, X),Y)- (c(F, Z),X)) 

from which we deduce the first part of the lemma. 

We now look at the change of the connection in the direction of W^. If € TS, Uy/w is 
its projection on V in the direction of = W^. We have 

aR^X = VRX-VR^X-9{Ri)X 

= V'R^+r.X - Vr^X - 9{R,)X - 

Introducing the torsion, we obtain 

dRiX = (TR-^ri,x)v/w' — iTR^^x)v/w + [Ri, X]v/w' — [Ri, X]v/w 
-9{R,)X-V,^X+[n,X]v/w' 
= {TRi+ri,x)v/w' - {TRi,x)v/w + Y,j dVjiRi, X)rj 
-9{Ri)X - V^n 

But aR^ e so{H), so that it suffices to compute the skew-symmetric part of the right term 
in the previous equality. The contributions of the torsions vanish by definition, that of 
J2jdVjiRi,X)rj is 

j 3 

and that of Wj is 

-2^« A /,^« - 2|^f Ji + (Vri)^''(^) 
where the exponent so{H) means the orthogonal projection on so{H). But using part 2.4, 
we get 

Vn = -2V(/i^«) = -2{VIi)9^ - 2IiV9^ 
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Mixing all this together gives the lemma. □ 

2.6. Higher dimensional case. Let us do some remarks about what is going on in higher 
dimensions. Let if be a quaternionic contact structure on a manifold with n > 1 and 

g he a. compatible metric on H. In the same way and always with the same notations, one 
can show that there exists a unique complementary such that 

^{aij + aji) oli = 

i 

for all j. 

On the other hand, 12.11 is always true and give a metric if-connection V on H. Then, 
using (jD) one can show that in fact aij + aji = and that V preserves not only the metric 
but also the Sp{n)Sp{l) structure on H. Hence, there is no integrability condition. It is the 
reason why all quaternionic contact structures in dimension strictly greater than 7 are the 
boundaries of AHQK metrics. 

3. CONFORMAL INFINITY OF AHQK MANIFOLDS 

In this section, we will study the conformal infinity of an AQH quaternion-Kahler mani- 
fold. We find a particular trivialization of the quaternionic structure admitting an analytic 
extension to the boundary with pole of order 2. Then, we use it to show that the quaternionic 
contact structure on the boundary is integrable. 

3.1. Twistor space and asymptotic development. The following is essentially the work 
of |BiqOO[ HI. 2] and [,LeB91j . Let {M,g) be an AHQK manifold of dimension 8 and suppose 
that the metric g admits an analytic extension to the boundary A^. We will apply the twistor 
machinery to obtain a particular choice of local trivialization of the quaternionic structure 
in a neighbourhood of the boundary. The twistor space |Sal82j of M is a 5-dimensional 
holomorphic manifold with the following data : 

• a holomorphic contact structure rj with values in a line bundle L; 

• a family of dimension 8 of compact genus zero curves (Cm)rrteMC with normal bundle 

0(1)®C^ 

• an hypersurface A^*^ C M*^ of curves tangent to the contact distribution; 

• a compatible real structure r, without fixed points. 

Remark 4. M is the real slice of - and A^ that of A^^. 

On each Cm, the line bundle L is isomorphic to C(2) so that C^n = H^iCm, Hom{TCm, L)) 
is a line bundle on M^. By restriction, the 1-form rj gives a section O of £ and S"^ is the 
null set of 6. We choose local square root L^/^ of L, but the conclusions do not depend on 
this choice. Let us define 
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SO that 

For m ^ N'^ and u,v & Hm, the Wronskian w{u Av) — udv — vdu defines a two form 

(6) WH:h'H\Cm,L'")^Cm''-^ 

and therefore a S'Os (C)-structure wh ® wh on H^iCm, L) ~ Syw?{Hm)- 

The normal bundle N.^ of a curve Cm has a natural identification with ker rj ii m ^ N'^ so 
that we have a well defined 2-form 

The choice of a 5'03(C)-triviahzation on Sym'^{Hm) exhibits three 2-forms wi, W2, ws giving 
the Sp2{C)Spi{C) structure. The complexified quaternionic-Kahler metric is 

(7) g = we<^wh on Em® Hm 
where 

We ■■ Em ^ C . 

We now look at the contact structure on the boundary. Let / : £ ^ C be a local choice of 
trivialization of £ in a neighbourhood of s £ A^^ and extend it on M'^. In the same way, we 
obtain a symplectic form 

WH:A'H'{Cm,L'/')^Cm^C, 

and thus a 6'03(C)-metric wh^wh — PQ'^wh^wh- We choose a local 5'03(C)-triviahzation 
Sym'iHm) ^ . 

If s e N'^, one has TCg C ker 77 hence rj gives three 1-forms {rji, 772, 773) along N'^ 

H\Cs, Ns) ^ H\Cs, L) ~ Sym\Hs) ^ . 
On the other hand, on — A^"-" we obtain three 2-forms 

A^H\Cm, Nm) ^ Sym\Hm) ^ , 

which can be written as l^Q'^Wi with Wi defining the quaternionic structure of M*^ — N'^. 
We put p = ie:M^^C. 

Lemma 3.1. The forms w,i have pole of order 2 along N'^ . More precisely, the 2-forms 
pQ'^yj. are defined on N'^ and satisfy 

I'^e^Wi = -dp ^Vi+^Yl ^^''^^ ^ 

r,s 

on N'^ where s''** is the signature of the permutation (r, s, i) of (1, 2, 3). 
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Proof. Because the Wi define a quaternionic structure, we need only show that ig/dpl^Q'^Wi = 
—Tji to obtain the lemma. We take s G A^*^. 

There exists a section of Ns along Cg such that 77(0) = and i,j,drj\TCs 7^ 0, cf |BiqOO[ 
lemma III. 2. 5]. We normalize (p in order to have l{i^dr]\TCs) — 1- is a vector in TgM'^ with 
the properties dp{(j)) = 1 and r]i{(f)) = 0. Remark that whereas the symplectic form drj is not 
defined along A^*'', the 3-form rj A drj admits an extension to A^"-". By restriction, we have 

Qdr] = r]Adr]e H%C^, T*C^ ® K^N*^ ® L^) = Cm. ® A'T*M^ ® H\Cm, L) . 

If u is tangent to Cs and cr G H^{Cs, Ng), then 

T] A dri{u, 0, cr) = rj{a)drj{u, 0) , 

i.e. ifplOdrj = —i] and finally 

□ 

The intersection of the kernels of p^Wi, p'^W2, and p'^w^ on 

Arc 

IS 

= H^{Cs, Ns n ker n TC^"^"^) 

and coincides with the contact structure of the boundary. The symplectic form Wi has well 
defined terms of order —1 on H"^ and one can show [BiqOOt Lemma III. 2. 6] that 



P P 



with 



Wi-2 = -dp A r/j + ^ ^ e'''^r]r A r]s , Wi-i \hc = drj, 

r,s 

If we put 

Em = H\Cs, (AT, n ker 77 n TCj"^) ® L-^'^) , 
we obtain by restriction a complex metric on H'^ 

The quaternionic metric on M'^ has the asymptotic development 

1 1 
9 = -^9-2 + -9-1 + ■■■ 
P^ P 

with 

9-2 = dp^ + vl + vl + vl and fi-.i l^c = 9hc ■ 
Finally, we put Wi-i = drji + 'ji where 7i|i/c = 0. 
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3.2. Boundary conditions. We follow the notations of the previous section and restrict 
ourselves to the real slice. We choose an arbitrary complementary W to H. Let R2, R3) 
be the dual basis of {rji, 772, ^73) on W and let Jj be the almost complex structures on H. 

The symplectic forms Wi and the metric define almost complex structures /j. Because of 
the form of the Wi, we have the analytic development 

lidp = kfldp + ph^idp H = i?i + H 

where ijji E H is independent of p and if X E H, 

hX = /,,oX + + . . . = /.X + • • • 

We are now in position to show the following 

Proposition 3.1. The boundary of an AHQK manifold admitting an analytic extension to 
the boundary is an integrable quaternionic contact structure. 

Proof, li X e H, one has 

w,{I,dp,X) + w,iI,dp,X) = -26,,g{dp,X) . 

The order —2 terms do not give anything but from the order —1 terms we deduce the 
equation 

Wi-i{Rj,X) + Wj-i{Ri, X) + Wi-i{ipj, X) + Wj-i{ipi, X) = -2dijg-i{dp, X) 

so that 

dr}i{Rj, X) + dr}j{Ri, X) = -y,{R.j,X) - -fj{R„ X) 

-26,,g.i{dp, X) + g_i{i^j, UX) + . 

The second line gives an element in S*^'^ © S^'^ therefore we need only to look at 7^. We will 
now use the fact that the metric is quaternionic-Kahler. Indeed, there exists one forms j3ij 
such that the 2-forms {wi) satisfy 

dwi ^ pji A Wj , pji = -pij . 
3 

The application (A^)^ — > 

(ai)i=i,2,3 ^y^^ajAwj 

i 

is an injection so that the Pij are unique. 
We have 

dWi = -jiT.r,s^''''(^P ^Vr A7]s 

+^ (dp Adr)i + ^ ^^^^ e'-'^drir Arjs-VrA drj^ij - ^dp A {dr}i + ji) + ■ ■ ■ 

and then 

dwi = -\ ^ s'^'^dp Arjr Ar)s + \ s'^''dr]r Arjs - dp A + ■ ■ ■ . 

^ r,s ^ \ r,s / 
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We have Y.r,s,p,q ^'''''^'"^''Vs A r^p A = so 

= 5Z E ^""^^ ^ + (E ^^''dvr A ry. - rfp A 7. I + ■ 
The exterior product of 1-forms with Wr-2 is an injection, so Pri is of the form 

Pri = -Pri-1 + Pri,o H and Pri~l = ^'"r/s . 

Looking at the order —2 terms with respect to p, one obtains the equations 

^ Prifi A Wr-2 + ^ Pri~l A = ^ ^'^'^rfr],. A r]s - dp A 'Ji . 



r,s 

We put /3ri,o = Kidp + p^i^o and 7^ = rfp A 7^ + 7^ where /5^^^o ^ T*N and 7^ G A^T^A^. 
Taking the dp component in the previous equation, one gets 



But then jilRj, X) + 'yj{Ri, X) = and the lemma follows. □ 

In the two next sections, we will look at integrable quaternionic contact structures in order 
to show that they are the boundaries of AHQK metrics. 

4. Integrable quaternionic contact structures 
Let (A^, if) be a quaternionic contact structure. 

In section 2, we computed the derivation of the quaternionic structure in the direction of 
H. On the other hand, from the identity d{dr]j){Ri, X,Y) = 0, we obtain 

(8) {VR^dr]^){X,Y) = a(Va,,)(X,F)- J]a,fcAafc,(X,r) 

k 

+ dVJ{R^, Rk)dvk{X, Y) - g{I,Tn^,x + Tr^,i,x. Y) . 

k 

From now on, we suppose that the quaternionic structure is integrable. We choose a 
compatible metric g on H and W = the associated complementary vector bundle defining 
the adapted connection V. 

4.1. Torsion. The computations of section give for any X & H, 

3 

^xlj = -^aij(X)J,. 

i=l 

Lemma 4.1. Let {M,H) be an integrable quaternionic contact structure. The tensor 
defined in lemma WM lies in the component S*^'^ ofW* ® so{H)-^ . 
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Proof. By construction, is a section of 
SO we can put 

Tr^ = Xild + IpApi 
p 

with Api G r(A^if) ( seen as skew-symmetric endomorphisms ). We apply (jH| with i = j 
and obtain Aj = and An = 0. Applying one more time (jH)), we see that Api is equal to the 
part of a{api) — apk A aik which is skew-symmetric in p and i. 
Writing Ai = I T.r,s^''''^rs, we obtain as the image of li ® Ai e AlH O A'iH by 
the S'O (4)-equivariant map Jj ® 5 i— > | rjj ® [/«, □ 

We are now able to calculate more precisely the vertical derivatives of the quaternionic 
structure. 



Lemma 4.2. There exists a function X on N such that 
1 ^ 

"^rJj = 9 X] + dr]i{Rj, Rk) - dr]k{Ri, Rj)) h + A[/i, Jj] . 



fc=i 

Proof. Symmetrizing (jH} gives 

3 

(9) VrJ, + V/j J, = ^(c?r7,(i?i, + dT]i{Rj, Rk))h , 

fc=i 

In particular, 

(Vh J,,/,) = -(V^ J,,/,) = -2dr^,{R,,R,) , 
so that we know ^ R^h except for its component on [Jj, We can put 

1 ^ 

Viiz-^i = 2 ^ {dr]j{Ri, Rk) + dr]i{Rj, Rk) - dr]k{Ri, Rj)) h + Xij[Ii, Ij] , 

k=l 

with Xii = 0. From (jH)), we have Xij = Xji. Moreover, taking for instance i = 1, j = 2 and 
using the skew-symmetry 13) = —{Vr^^Is, I2), we get A12 = A13. The other equalities 

are obtained in the same way. □ 

4.2. The curvature tensor. We will give some results about the curvature tensor in the 
rpws _ g pg^gg_ They will be useful for the twistorial construction. 

We are now interested in the curvature R of V, and more precisely in its horizontal part. 
This is a section R e T{A'^H* <S)5o{H)). The splitting A^ = A^ © A?, allows us to decompose 
the curvature in A^ ® A^, A^ ® A^ and A^ A^ parts. Looking at its action on A^H, we 
have 

Rxxh = VxVyli - VyVxh - ^ixxuh + J2j dVjiX, Y)V R^i 

= (-a(Va,,) + ELi A aki) (X, Y)I, + V . dri,{X, Y)V rJ^ 
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Proposition 4.1. The A^H ® A^iJ part of the curvature is scalar. More precisely, if we 
denote it by S ^ T {End{K]^H)) , we obtain with the notations of lemma \J~^ : 

S = 2\Id.2 . 
Proof. Using Lemma f4. 21 and one sees that 

(-a(Vaji) + ^ ajk A aki)+ = ^ {d^i{Rj, Rk) - dr]j{Ri, Rk) - dT]k{Ri, Rj)) h + Ij] , 

k k 

where the subscript + means the selfdual part. Injecting this in the curvature formula, one 
easily deduces the proposition. □ 

We can define a Ricci tensor and a scalar curvature for the partial curvature R. As usual, 
we put 

Rtc{X,Y) = trH{Z^Rz,xY) 
s = trniRic) , 

where the subscript H means that the trace is taken only on H. We note Rico the trace-free 
part of the Ricci tensor. In order to obtain the exact form of the curvature, we use the first 
Bianchi identity 

Rx,yZ + Ry,zX + Rz,xY = {d^T)x,Y,z 

Let X, Y, Z and Ri be parallel at the point p. Since the horizontal covariant derivatives 
of Ri and Jj are identical, 

{VT\h)p = [Vj^^i^ Ri)p = ^ ^ 

i 

SO that at we have 

Rx,yZ + Ry,zX + Rz,xY = —T[x,Y],z " T[y,z],x — T[z,x],y 

= Eti(rf^.AT^)(X,F,Z) 

The image by the Bianchi map b of the curvature R lives in the factor S*^'^ ~ K]^H ® X^_H 
of K^'H* ® ~ © © 5°'° © ^2>2. 

Proposition 4.2. The horizontal part R G T{h?H* © 5o{H)) of the curvature tensor seen 
as an endomorphism of A^H = A^H © A^H has matrix 

Y^Id Rico + B \ 
V 'Rico - 'B f^Id + W- J 

Proof. Recall that the kernel of b is exactly the Riemannian curvature tensors. We have 

S\A^H*) = keibQA^H* 

A\A^H*) = AlH* ® A^H* ® A\H* ® AlH* 

We have shown that b{R) G S*^'^ so that R is the sum of a Riemannian tensor and an ele- 
ment in the unique irreducible S*^'^ component which appears in A^[A^H*) C End{A^{H*)). 
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Moreover, Ric{B) = if 5 G S*^'^ C A^(A^if*) so that the Ricci tensor behaves hke the 
Riemannian Ricci tensor, hence is symmetric. □ 

We show the following lemma which will be useful in the next section. 

Lemma 4.3. // the vertical torsion vanishes, the curvature R of the adapted connection 
satisfies the following equality 

[Rx,Y + IRx,IY + IRx,IY — RlXJY, = , 

for all X,Y e H and I e AlH . 

Proof. This lemma is well known in the case of anti-selfdual Riemannian curvature in di- 
mension 4. In our case, it is similar except for the Bianchi part B of the curvature tensor, 
hence we need only to show that B satisfies the previous equality. We take for instance 

B -.w e so{H) ^^ tr{wK)J - tr{wJ)K e End{so{H)) , 

where J G A'^_H and K G A\H. We must show that 

C = [B{w) + IB{Iw) - IBiwI) + B{IwI), /] = . 

[J, -ft'] = 0, hence we get 

C = [-tr{wJ)K - tr{IwJ)IK + tr{wIJ)IK - tr{IwIJ)K, I] . 

The result follows then from the two equalities 

{tr{IwJ) = tr{JIw) = tr{IJw) = tr{wIJ) 
tr{IwIJ) = trllwJI) = -triwJ) 

□ 

5. TWISTOR SPACE 

In this section, we will end the proof of theorem 11.11 

5.1. Definitions. Let A^^ be a smooth manifold and if be a quaternionic contact structure 
on with vanishing vertical torsion. Let g he a. compatible Carnot-Caratheodory metric, 
W the adapted complementary distribution and V the connection associated to g. 

Let T be the set of 2-forms w G K\H* of norm 72. This is a 2-sphere bundle on M 
called the twistor space of {N,H). It can be identified with the set of almost complex 
structures compatible with g and the orientation. Let vr be the projection T N and 
choose a local quaternionic structure (Ji, 12,13) associated to the 1-forms (?7i, ?72, "/^s)- At a 
point / = Xili + X2I2 + X3I3, we put 

7]'' = Xi7r*?7i + X2'!T*r]2 + X37r*r]s . 

It is a well defined 1-form on T not depending on the choice of SOa-trivialization (Ji, I2, 13). 
Using the connection V, we split the tangent bundle of T at / G vr^^(s) for s E N: 

TjT = Ti% © 7r*T,A^ . 
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Here Ts is the fiber above s of tlie fibration vr. We call HorjT ~ TsN = Wg © Hg the 
horizontal space. Let i?2, -R3) be the dual basis of {rji,rj2,rj^) on W. At Ji, we have an 
almost complex structure J on ker rjr ~ ker rji © TjTs satisfying 

• on ker?7i, the almost complex structure satisfies J = Ii after extending Ji to all ker r/i 
by I1R2 = R3 and /ii?3 = -R2; 

• on T/^T^ J is the natural complex structure given by the metric and the orientation 
on the sphere Tg. 

Proposition 5.1. Let H be an integrable quaternionic contact structure on a 7- dimensional 
manifold N . The almost complex structure J defined on the kernel of rf' is independent of 
the choice of compatible metric g on H. 

Proof. Let rj' = f'^rj be a conformal change. The distribution ker 77^ on the twistor space is left 
unchanged. The conformal change gives a new complementary ^ spanned by {R[, R2, -R3) 
and a new connection V' = V + a. The distribution Hor'jT is the horizontal subspace on T 
corresponding to V, and J' is the corresponding almost complex structure. 
The vertical part of J is left unchanged. 

At Ji G 7^, we take U G ker?]*", horizontal for the connection V, and X its projection on 
A^. In the decomposition T/^T = Horj^T © Tj-^Tg, we have U = {X,0) and JU = (/iX, 0). 
On the other hand, in the decomposition T/^T = Hor'j^T (BTi^Tg, we have U = {X, —axh), 
JU = {IiX, —ai-^xh) and J'U = {IiX, —^[Ii,axh]) thus J and J' coincide iff ai^xh = 
^[Ii,axh] for all X G kerr^i. 

One has a G f2^(]R©so(if)), and we decompose the 5o(if)-part in selfdual and anti-selfdual 
part that we write respectively and a~ . From lT^ one gets 

a1, = J2{i,e\x)i,. 

j 

and verifies easily that ai^xh = \[li,cixli\- 

The quaternionic contact structure has no vertical torsion, so that we get from lemma ESI 

Taking the selfdual part gives 

k 

and computing aR.^Ii and aR^Ii one obtains a^^Ii = |[Ji, a^jjA]- D 

5.2. Integrability of the twistor space. This section is devoted to the proof of the fol- 
lowing theorem : 

Theorem 5.1. Let H be a quaternionic contact structure with vanishing vertical torsion and 
J be the almost complex structure on the kernel of rf on the twistor space. Then 



QUATERNIONIC CONTACT STRUCTURES IN DIMENSION 7 



19 



• J is adapted to the symplectic form drj'^ on keir]^ and gives a metric of signature 
(6,2). 

• J is integrable. 

Proof. The first point is similar to |BiqOO| and 

d7]''{-, J-) = gn + dT]i{R2, R^){ril + rjl) + r]s & dx2 -r]2& dxs , 

where a0/3 = i(a®/3 + /3®a)is the symmetric product. This is the metric of signature 
(6,2). 

We must now verify the integrability of J. This is given by the vanishing of the Nijenhuis 
tensor 

N{X, Y) = [X, Y] + J[X, JY] + J[JX, Y] - [JX, JY] . 

If X and Y are vertical, it follows from the fact that J is the complex structure of the 
2-sphere which is integrable, and if X is horizontal and Y vertical this is similar to the proof 
of 14.68 in |Bes87j . 

Assume now that X and Y are horizontal. In this case the vertical part and the horizontal 
part of N{X, Y) aX I (z T are given by 

{N{X,Y))Hor = Tx,Y + ITxjY + ITixx - TlXJY 
{N{X,Y))ver = [Rx,Y + IRx,IY + IRlX,Y-RlX,IY,I] 



We look first at the horizontal part, li X,Y & H, then Tx,y = '^^drii{X,Y)Ri and we 
deduce easily that (A^(X, Y))Hor = 0. If X = i?2 and Y = R^ at I = h, then iN{X, Y))Hor = 
TR2,Ri — ^_R3,-R2 = SO that the only no-trivial case at Ji is X G if and Y = R2. Following 
the notations of 14.11 the H^-part of the torsion Trx vanishes and the ii-part is Tr. x = 
^p/pApjX where Api = —Aip e h?_H. Therefore, we have 

{N{X,R2))Hor = -EpIpAp2X-hZpIpAp3X-hEpIpAp2hX + ZpIpAp3hX 
= -/3A32X - - /1/3A32/1X + /2A23/1 . 

The Aij and Ik commute and the skew-symmetry ^23 = — A32 gives the vanishing of 
{Nx ,R2)Hor- 

We show now the vanishing of the vertical part, li X,Y G H, this is just lemma It 
remains to show that for X & H, 

cr2,x,y = [Rr2,x + hRRs,x + hRR2,hx — RrsJiX, h]y = . 

We put hRi = and I1R2 = R3, in order to have cxx,z defined for all X, Y and Z. Because 
we have the same identities on the torsion, the computation is very similar to [BigOOt Lemma 
II. 5. 3] and one gets 

cr2,x,y + cy,R2,x = , \/X,Y eH. 
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cr2,x,y is in the subspace spanned by I2Y and I^Y therefore if the C-subspaces spanned by 
Y and X for the almost complex structure Ji are transverses, then cr^^xx = 0. We deduce 
that cji2,x,Y = in all cases. 

□ 

5.3. Proof of theorem 1.1. We have shown that any integrable quaternionic contact struc- 
ture H admits a twistor space T which is CR-integrable. This is sufficient to apply the results 
of Biquard |BiqOO| which give the theorem ll.il fsee part III for the twistorial construction). 
The idea of the proof is to construct a bigger twistor space M which has the properties of 
section 13.11 and such that T is a real hj^ersurface of Af. With the notations of 13.11 the 
AHQK metric is g = we (S> wh and is quaternionic-Kahler, |LeB89j . 

The cor oUarv 11.11 follows immediately from our theorem 15 . II and the theorem 0.4 of |Biq02| . 

6. Deformations of the 7-sphere 

Hereafter, we assume that = S'^ is the 7-sphere in where is an H-vector space 
with EI acting on right. Let (■, ■) be the canonical metric on ~ M^. Recall that we have 
a quaternionic contact structure on §^ given by = (xH)-*- for x G S^. The restriction to 
j^can q£ ^YiQ round metric on defines an adapted metric Qq. The adapted complementary 
is Wx = xlmM. and is spanned by Ri{x) = xi, R2{x) = xj and Rsix) = xk. 

if™" is a connection on the principal S'p(l)-bundle §^ §^ (Hopf- bundle). We call 
1] G i7^(S^) (8)Sp(l) ~ Q^(W) its connection form. Let us write it r] = Sj^* ® ^i- 

One has dr]i{W, H""-"') = so that the the torsions = -| J^iji^^ij + ® w* Wj and 
vanish. 

Let u be the canonical volume form of that we decompose as u = u'^ A r]i A ri2 A rj^ so 
that u'^Ih is a volume form on if^""-. 

In this section, we compute the complex of integrable infinitesimal deformations of H'^"'"'. 

6.1. Deformation of the integrability condition. A deformation of if'="" is given by a 1- 
form 6 with values in W which vanishes on W, or equivalently by a section of End{H'^"'"' , W). 
The link between the new distribution and 6 is given by 

He = {X- e{X),X G = ker(r/ + 9) . 

Assume now that 6^ is a 1-parameter family of such 1-forms, each giving a vertical torsion 
free distribution denoted by Ht = kei^rj + O^). For small t, the forms d{r]i + 9j)\Ht £ r(A^ii'j') 
span a space of selfdual 2-forms on Ht with respect to a metric gt on Ht. We choose gt such 
that go is the restriction of the round metric on H'^"'"'. 

In order to write the condition on the torsion, one has to take an orthonormal basis of 
A^ifj*. We identify the functions and the 4-forms on ff^"" using u'^. We search a* : S'' — 
GL{3, M) such that a° = Id and 

[a* ■ d{r] + 6')] ^ A [a* ■ d{r] + 6')] . A [a* ■ [r] + 6')] ^ A [a* ■ (r/ + 6')] ^ A [a* ■ (r/ + 6')] 3 = 26iju . 
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Setting ijj = ^ 1 5 one obtains 
(10) dij + dji + {dOi A drjj + dOj A drii)\H<=an, + tr(a) = 

Remark 5. We used the fact that Uij = 0. In general, one has 

dij + dji + (dOi A (ir^j + dOj A (ir/j) + ^(a^i A A (ir/j + a^j A A rfr/j) Iz/can + tr(d) = . 

k 

We put (3^ = ■ {rj + 6^) with dual basis (i?*, i?2! -^s) choice of a* ensures that 

we obtain an orthonormal direct basis in A'^Ht for the metric gt- Let /* be the associated 
quaternionic structure. By 12.31 the deformation preserves the integrability iff there exist 7* 
such that for X e if'^"'", 

i^*/3*(x - e\x)) + zr,.f3l{x - e\x)) = 7* o /*(x - e\x)) + 7* o /*(x - ^*(x)) . 

The 7^^ vanish so that one obtains the following lemma. 

Lemma 6.1. //^* is a 1-parameter smooth deformation of the quaternionic contact structure 
on which preserves the integrability, we have 

Aoie) = ~d{dij + dji)\H^an + {iRAOj + iR^dei)\H^a^ G S^^^ ® 5^'^ , 

where 

dij + dji + {dOi A drjj + dOj A drji)\Hcan + tr(d) = . 

Remark 6. The statement has exactly the same form if one deforms Einstein selfdual Levi- 
Civita connections with non-zero scalar curvature ( which give 3-Sasakian manifolds and so 
integrable quaternionic contact structures, see |Konj ). 

The composition of with the projection on S^'^ gives a differential operator A : 
r((i/'^""')* W) — > r(S'^'^). Its kernel gives the infinitesimal deformations of H^"-"^ pre- 
serving the integrability. This kernel contains the image of the infinitesimal diffeomorphisms 
through 

V : r(r§^) ^ r((/7^"")* ® w) 

Q ^ {X eH^X.r]{0 + dr]{C,X)} 

6.2. A Bianchi identity. Because of the dimensions of the different vector bundles, the 
previous complex cannot be elliptic, even in the direction of H'^"-"'. We will show now a 
Bianchi identity. 

Lemma 6.2. Let {M'^,H,g) be a quaternionic contact structure where g is a particular 
choice of Carnot- Caratheodory metric. Let W be the adapted complementary and V be the 
corresponding adapted connection. The vertical torsion of H is a section of S^'^ C 
H* (g) S^'^. Let Bh be the composition of d^ : T{H* (g) 5^'°) T{A^H* » 5^'°) with the 
projection on 5*®'". Then we have 

B^(T^) =0. 
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Remark 7. Here is a small abuse of notation. Indeed d7 can be applied only on true 1-forms 
with values in a vector bundle. Nevertheless we can give the following meaning to : 
a section a of H* ® E is extended in a true 1-form vanishing on W and we use then the 
vanishing {Txx)h = in order to obtain 

{d^a){X,Y) = VxcrY-Vycxx-aT,,, 
= (VxO-)y - (Vycr)x , 

for vector fields X,Y E H. This kind of equalities will be used throughout the proof for 
every elements of r{H* E) and every vector bundle E. 

Proof. Let {Ii, 12,13) be a local direct orthonormal basis of A^H* corresponding to local 
1-forms (?7i, ?72, "/^a) defining the contact structure. Denote by {Ri, R2, R3) the corresponding 
dual basis on W. The first Bianchi identity gives 

&x,Y,Ri {RxyRi — Ttx,y,Ri ~ {S xT)y,r^ = , 
where X and Y are two vector fields in H. Taking the 1^-part, we obtain 

RxyRi = {Ttii^^xx)w + {Tty,r^,x)w + {{S xT)y^r^)w + ((V_R.T)x,y)i^ + ((VyT)r^^x)h/ • 
We calculate first Ai{X,Y, Ri) = (Ttj^ x,y)w + (Tty ii.,x)w- One has 

A,{x,Y,R,) = -T^^(^^)(r) + 5^(/,T|;(x),y)i?, + T^^(^^)(x) - 5^(/,T|;(y),x)i?, . 

j j 
We put ttij = ^{aij + ttji). With this notations, we get 

3 3 
(11) Ai{X, Y, R,) = -J2 A afc,(X, Y)Rk + Y.^{hTE^ + T^Jk){X), Y)Rk . 

k,j=l k=l 

We suppose now that p G M, and that X, Y and Ri are parallel at p. In particular, we 
have at aij = aji at p. Then at p, 

{{^xT)y,r, + {VrT)x,y + {VyT)r^,x)w = - $^(rf"'afc,)(X, Y)Rk - ^.i^ R.dVk){X, Y)R, , 

k k 

SO that we obtain 

Rx,YR^ = -El,=ia,,Aa,,iX,Y)R, + Y:Li{iIkT^.+T^A)iX)^Y)R, 
-Y.ki.d''^ki){X,Y)Rk - j:,{VR^d7^k){X,Y)Rk. 

From the obvious equation {RxyRi, Rk) + {RxyRki Ri) = 0, we deduce that 

2rfV.(X,r) = {{hTl+Tlh){X),Y) + {{hTl+Tlh){X),Y) 
-VRJr]k{X,Y) -VR,d7]^{X,Y) . 

Remark that (jH} is true even if does not vanish. At p, it gives 
4:d^ak^ = EjidVkiRj, Ri) + d7]^{RJ, Rk)){Iy, ■) 
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This is a 2-form and taking the self dual part, we obtain 
i 

This is an element of S'^'^® (S"''°©S'°'°) C {S'^''^f. We take the projection in Sym^{S'^^'^) ~ 
S^'^ © S'^''' and then the S'^''^-part to obtain the lemma. 

□ 

6.3. The complex of infinitesimal deformations. We take the infinitesimal part of the 
previous equation and obtain the complex of infinitesimal deformations of the 7-sphere 

(Co) r(T§7) ^ T{H* ® w^) 4 r(55'i) ^ 1(56'°) . 

Here Be means the Bianchi operator on i/™". 

We have the decomposition T{TS'^) = r(Vr) ©r(if=''") and on the other hand r((if'=''")* © 
W) = 1(^3,1) T{S^'^) with the property that ^(r(^i'i)) = 0. The restriction of V to 
r{H'^"'"') is an isomorphism r(iJ'^°") r(S'^'^) so that if V is the composition of V restricted 
to r(14^) with the projection on r(S''^'^), we obtain an isomorphism 

ker^ _ ker^nr(^3'^) 
In other words, we can compute the first homology group of the complex 

(C) T{w) ^ 1(5=^'^) 4 r(55'i) ^ r(5^'0) . 

Remark 8. This complex is not elliptic. Nevertheless a straightforward computation shows 
that (C) is elliptic in the direction of if^""-. This was not the case of (Co). 

Lemma 6.3. If C, = ^h'^"" + ^ T^^"^ , the principal symbols of the previous differential 
operators satisfy : 

• If ^H'^'^" = 0, then kercrg(X') = Wx, or else if C.H'^'^" 0, then ker a^{I)) = {0}. 

• If ^H'^au = 0, then kero"5(^) = S^'^, or else if S^w^a^ 7^ 0, then kero"5(^) = Ima^{V). 

• If ^H'^'^'^ = 0, then ker(Tg(jB) = S^:^ , or else if ^^can ^ 0, then ker(T^(i3c) = Ima^{A). 

7. S'p(l)-INVARIANT DEFORMATIONS OF THE 7-SPHERE 

We have seen in the previous section that infinitesimal deformations of the standard quater- 
nionic contact structure on are parametrized by the first cohomology group of the complex 
(C). This complex is not elliptic and even not hypoelliptic. Indeed, jLeBQlj ensures the ex- 
istence of an infinite dimensional moduli space of integrable quaternionic contact structures 
on §^ 

In order to obtain an elliptic complex, we will look at quaternionic contact structures on 
S'^ admitting a free S'p(l)-action. Here, Sp{l) is viewed as the group of unitary quater- 
nions. There is a canonical action of 5*^(1) on §^ given by the diagonal action of Sp{l) on 
C H^. The quotient is the 4-sphere and the projection S'' — > §^ is the Hopf projection. 
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Smooth deformations of this S'p(l)-action on §^ are always diffeomorphic to the canonical 
one. Therefore, we fix the 5'p(l)-action to be the canonical one. 

7.1. C-invciriant structures. In this section, we do some general remarks about quatcr- 
nionic contact structures H invariant under a free smooth G-action, where G — 5*0 (3) or 
G = Sp{l). Let {N,H) be such a quaternionic contact structure. The action must be 
transverse to the contact distribution so that H is a connection on a G-principal bundle 
N ^ B. Let (r/i, ?72, ''73) be the connection form of H with values in sp(l). The symplectic 
forms dr]i\H define a unique adapted conformal class of metrics [g\ on H. Because of the 
G-invariance, the conformal class [g] can be pushed down on B and gives a conformal class 
of Riemannian metrics [g\ on B. Let = M x^^^g be the adjoint bundle. The connection H 
gives a covariant derivative on E, with curvature . By definition of [g\, the curvature 

gives an isomorphism 

i?^ : K\TB E 

C ^ Rc^ so{E) ~ E 

Let D be a linear connection, preserving the conformal class. Every choice of D is available, 
but in general one chooses a metric g in the conformal class and the corresponding Levi-Civita 
connection. 

The tensor (i?^)-^V^'^-R^ is a section of T*B End{A\B) and taking the symmetric 
part of End{K\B) with respect to any choice of metric in the conformal class [g], it gives a 
tensor T in r(5'^'^(8)(5'^'°©5'°'°)). The 5^'^ part of T is the vertical torsion of the quaternionic 
contact structure H. We put Tor{H) — T. 

7.2. Infinitesimal 5'p(l)-inveiriant deformations of S^. We now come back to the de- 
formations of the canonical quaternionic contact structure on S^. Let H be the set of 
5'p(l)-invariant quaternionic contact structures on the Hopf bundle and Q be the 
group of diffeomorphisms of §^ commuting with the 5*^(1) action. Let V be the Levi-Civita 
connection of the round metric of S'^. In the 5'p(l)-invariant case, the complex (C) can be 
written on the basis §^ in the following way : 

Lemma 7.1. The complex (C) applied to Sp{l) -invariant deformations on the Hopf bundle 
E,'^ —>■ S*^ can be written on the basis as 

(C) r{s^'^) ^ r(^3,i) 4 r(55,i) h r(^6,o) 

where V = p^'^V, A = p^'^V^ and Be = p^'°V. The homology groups H^, H"^ and of 
{C) have dimensions 10, 35, and respectively. 

Proof. The operator A is the composition of A\ = p'^'^'V and A2 = p^'^ V so that the previous 
complex splits into 

(C2) ris^'") ^ r(55'i) h r(56'0) . 
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One recognize in (Ci) the complex of deformations of anti-self dual metrics. This complex 
is well-known and one can show that Ai gives an isomorphism between kerP* and r(5'^'°) 
(see for instance the proof of |Bes87[ theorem 13.30, p. 376] ). Therefore the kernel of A(BT>* 
can be identified with the kernel of A2, and we are reduced to the study of (C2). 

First we give some Weitzenbock formula. Let T>^ be the Dirac operator on S ^ E where 
S = 5*^'° © 5"^'^ is the spinor bundle and E can be any 5""'™. The Dirac operator is the 
composition of the connection and the Clifford multiplication. The Clifford multiplication 
is a morphism of representation on S'pOT(4)-modules so is the identity on each irreducible 
component oi S ® E, up to a multiplicative constant. If E = S^'^, we see for instance that 
= bBc © aA2 for some constants a and b. The Weitzenbock formula is 

V^{(p © s) = V*V((/) © s) + |(/) © s + ^ Ci ■ © RZ,ejS^ 

and in our case, the curvature is scalar so that the last term in the previous equality is 
a combination of Casimir operators ( see |Bes87| p. 376]. One obtains finally 

(D^)2 = v*V + |, 

and so ker(i3 © A2) = 0, that is to say the complex (C) has no second homology group. 

In the same way, regarding B* : r(S'^''') r(5'^'^), it appears to be the Dirac operator on 
^6,0 ^ ^1,0 ^5,0 up to a multiplicative constant ). One can show that 

((p^f-v*v)Uo,o = |, 

which gives ker(S*) = 0. From this results, we deduce that dimker^2 is exactly the index 
of (C2) which is the index of the Dirac operator 

: r(5i'° © 5^'°) ^ r(^°'^ © ^^'°) . 

By the Atiyah-Singer index theorem, 

index = {c/i(55'0)i(§4)}[§4] 

= (6 + 35c/i2(^''°))(l-Pi/24)[§4] 
= 35. 

□ 

7.3. Moduli space. In this section, we will end the proof of theorem 11.21 Here we must be 
more precise in our notations. If is a conformal class of metric on there is a subbundle 
Sg'^ of T*§^ © A^T*§^ © A^TS^ associated to the representation S^'^ and g. In the same way, 
one defines ^^,0 a^T^S^ © A^T^S^ © A^TSl 

Remark 9. We have seen that each H & Ti defines a conformal class of metrics on S'^. In 
fact, the quaternionic contact structure H defines a true metric on Indeed, if we come 
back to section 17. H the vector bundle E is an oriented bundle which gives an volume form 
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on A^TS^ such that preserves the two orientations. Then, we can choose the metric on 
§^ which gives the same volume form on A^TS^. We obtain a well defined map 

where Ai is the set of smooth metrics on S'^. The round metric on is called go and is the 
metric G^H^"''). 

With the help of the canonical structure if™"-^ we identify Ti with an open subset in 
r(T*S^ ® Sgf). Let p^'^ be the orthogonal projection with respect to go in S^^'^ ( 5**1^^ will 
appear at most one time in our vector bundles so that the p*'-' are well defined ) . We restrict 
ourselves to a neighbourhood U of H'^"'"' in Ti where p^'^ (resp. ) gives by restriction an 
isomorphism from S^^jj^ onto Sg^^ ( resp. from S^^jj,^ onto Sgi^ ). With the identifications 
given by the p^'\ one gets maps 

r:U^T{Sl'^'), H ^ p''\Tor{H)) , 

and 

B:U® r(5,Y) - (S'gf) , (H, T) ^ p'^\Bh{T)) . 

Because of the Bianchi identity of lemma we have B{H,T{H)) = for H ElA. We 
want to apply an implicit function theorem so we must work in Banach spaces. We assume 
now that our sections are (7^+^'" (Holder-spaces). We have seen in section 6.3 that we can 
search a slice in r(S''^'^). We put Ui = U H T{S^'^). Let us define the smooth map 

^ : Wi ^ Im:D* ©ker;Be, a ^ {V* {a) , p T {a)) , 

where p is the projection on ker i3c in the direction of Imi3*. Because of the vanishing of the 
second homology group of (C), the differential dj/can?/' is surjective. Its kernel is ker(r'* © A) 
and is of finite dimension 35. Therefore, there is a submanifold X^^ C kerP* © r(S'^'°) 
such that on a neighbourhood of i/™" in Ui, one has \E'(a) = iff a G X^^. Because of the 
vanishing of the homology groups and H^, we can apply the inverse function theorem 
with the Bianchi operator B at 0) in order to obtain that if pT{a) = then T{a) = 

for a sufficiently small. We obtain a neighbourhood V of if^"^" such that 

iV*{a), r{a)) = OiSaeM = X^^r]V. 

We have obtained a 3 5- dimensional family of integrable (7'^+^'" quaternionic contact struc- 
tures on S^. If a G M, it satisfies a non-linear but elliptic equation, hence a is smooth. 

The isotropy group G of if^"*^ under the action of Q is Sp{2). Because kerD* is Sp{2)- 
invariant and Sp{2) is compact, we can assume that M is stable under the action of Sp{2). 
Hence, the manifold M is not the moduli space of integrable quaternionic contact struc- 
tures. Nevertheless, the only diffeomorphisms acting on M are in Sp{2). It follows from the 
properness of the action of Q on Ti: an element G ^ gives a diffeomorphism ijj on acting 
on the metrics The diffeomorphism is determined up a gauge transformation by ip. 
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The both nice behaviours of the action of diffeomorphisms on the metrics and of the gauge 
transformations on the connection s give the properness of the action of Q. 

Therefore there exists a neighbourhood of [if'^""] in Ti/Q which is homeomorphic to a 
neighbourhood of if™" in M quotiented by Sp{2). It gives the theorem II .21 and using the 
theorem 0.4 of |Biq02| , one gets the corollarv 11.21 

Among these, there is a family obtained as the boundary of quaternionic quotient con- 
structed by Gahcki in jGalQlj . Let us describe these more precisely. Choose D G 3p(2) and 
let be 

Here x* means the adjoint of x with respect to the canonical quaternionic hermitian metric 
of H^. is isomorphic to the 7-sphere and invariant under the diagonal action of Sp{l) on 
right. One has the codimension 3-distribution 

= {ve M\ x*v - ^j^{x*Dv + v*Dx) = 0} C T^S"" . 

This is a quaternionic contact structure which is the conformal infinity of an AQH 
quaternionic-Kahler metric on the interior of . Therefore is an integrable quater- 
nionic contact structure. Remark that is different from the subspace of T^S^ C 
stable under the right-action of M. The isotropy group of is a quotient oi K ^ Sp{l) 
where K is the subgroup of elements of Sp{2) which commute with D. 

7.4. Concluding remarks. We have shown that an integrable quaternionic contact distri- 
bution on §^ close to the canonical one is the conformal infinity of a quaternionic-Kahler 
metric on the ball B^. 

A quaternionic Kahler manifold can be defined with the help of a parallel 4-form Q with 
stabilizer Sp{n)Sp{l). Swann |Swa89j showed that in dimension greater than 8, if Q is closed, 
then Q is parallel. On the other hand, one can construct an 8-manifold with closed Q which 
is not parallel, |Sal01j . So one can ask if a quaternionic contact structure in dimension 7 is 
the conformal infinity of an asymptotically hyperbolic metric associated to a closed 4-form 
with stabilizer Sp{2)Sp{l). 
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